The Seiberg-Witten solution of N = 2 supersymmetric SU (2) gauge theories with matter is analysed as an isomonodromy problem. We show that the holomorphic section describing the effective action can be deformed by moving its singularities on the moduli space while keeping their monodromies invariant. Well-known examples of isomonodromic sections are given by the correlators of two-dimensional rational conformal field theories -the conformal blocks. The Seiberg-Witten section similarly admits the operations of braiding and fusing of its singularities, which obey the Yang-Baxter and Pentagonal identities, respectively. Using them, we easily find the complete expressions of the monodromies with affine term, and the full quantum numbers of the BPS spectrum. While the braiding describes the quark-monopole transmutation, the fusing implies the superconformal points in the moduli space. In the simplest case of three singularities, the supersymmetric sections are directly related to the conformal blocks of the logarithmic minimal models.
Introduction
The beautiful exact solution of the low-energy effective actions of N = 2 supersymmetric gauge theories in four dimensions [1] has led to dramatic developments in field theory and string theory over the last three years [2] . In this paper, we would like to analyse some mathematical aspects of the exact solution and compare them to analogous properties of the correlators of two-dimensional conformal field theory -a well-understood exactly solvable problem [3] . Our general motivation is to understand the integrable structure behind the Seiberg-Witten solution and to develop a framework for extending the solution to other field-theory observables. We shall make a few steps in this program, which we find interesting, and, meanwhile, we shall obtain some physical results for the spectrum of these theories. We shall consider the simple case of N = 2 supersymmetric SU(2) gauge theories with N f massive quark hypermultiplets, N f = 0, 1, 2, 3 [1] .
A crucial element of the N = 2 supersymmetric solution is the holomorphicity of the prepotential F (Ψ) as a functional of N = 2 chiral superfield Ψ [4] . This is a consequence of chiral decomposition of supersymmetric representations * : in formulae † , Once the fields have acquired a v.e.v., Ψ = a, holomorphicity in field space implies that F (a) is a holomorphic function of the v.e.v., ∂/∂a F (a) = 0, and of the coordinates of the moduli space as well.
A similar property of holomorphicity is found in two-dimensional conformal field theory, if one compares the moduli space of the four-dimensional theories with the coordinate space z = x 1 + ix 2 of the two-dimensional theories. Actually, conformal symmetry implies that the stress-energy tensor is holomorphic ∂/∂z T (z) = 0. This relation is stable under analytic reparametrizations of the coordinates (z → w), 2) and leads to powerful Ward identities which can be solved for the correlators [3] . Within this infinite-dimensional covariance of the theory, the true symmetry transformations are given by the projective sl(2, C) subalgebra. To summarize, in conformal field theory holomorphicity is associated with an infinite-dimensional covariance and integrability.
In the supersymmetric theories, holomorphicity is similarly stable under non-linear field redefinitions (Ψ → Σ):
These transformations are not familiar in field theory, because we usually consider the Ward identities for linear field variations ‡ . The true symmetries of the action are restricted to the finite-dimensional supersymmetric transformations δ ξ Ψ = ξ iα Q i α Ψ which act trivially on the moduli, δ ξ a = 0.
Nevertheless, we believe that there should exist Ward identities for the infinitedimensional covariance in field space. A necessary condition for this covariance is the possibility of continuously deforming the moduli space of the low-energy theory, without changing its main features. This is called the isomonodromy property [5] . In this paper, we show that the Seiberg-Witten solution is indeed isomonodromic and discuss some consequent effects.
The Seiberg-Witten solutions of the massive SU(2) theories involve the holomorphic sections (a D (u), a(u)), whose (N f +2) singularities can be displaced in the moduli space {u ∈ C}, without varying the monodromies around them § . Actually, the N f quark singularities u ≃ O(m 2 i ) can be moved by varying the masses, and their monodromies are given by constant integer matrices. The two additional singularities u = ±O(Λ 2 ) also have integer monodromies, but there is only one parameter for in the Refs. [6] [7] . This is a general property of integrable systems, which is not too useful in practice: one actually needs to identify the specific class of integrable systems corresponding to the Seiberg-Witten solution, and to characterize it by an infinite-dimensional covariance. Some relations with integrable systems have been found by the Refs. [8] .
The rational conformal field theories are a well-understood class of isomonodromy problems. The monodromy properties of the n-point conformal blocks (holomorphic part of the correlators) have been studied by Moore and Seiberg in Ref. [9] . Consider for example the holomorphic part of the four-point function:
In this equation, the q conformal blocks F j (η) form a q-dimensional holomorphic section with three branch points at η = 0, 1, ∞, which satisfy a q-th order differential equation. The behaviour of each block F j for z 1 → z 2 is given by the corresponding term in the operator product expansion, 5) where h 1 , h 2 , h j are the conformal dimensions of the fields. This fusion of fields is described by the "dual" diagram in Fig.(1) . The monodromy for z 1 going around z 2 has the diagonal form M 2 = (Λ 2 ) jj ′ = δ jj ′ e i2π(h j −h 1 −h 2 ) ; it is independent of the position of the other singularities, because they do not enter in the local operatorproduct expansion. The monodromies around the other singularities are of the form
i , where the U i are the transformations for carrying the monodromy paths to a common base-point. The diagonal matrices Λ i are again determined by the operator-product expansion of the corresponding fields; the U i are the transformations among equivalent sets of solutions of the differential equation for F j , which are determined by the universal data of the rational conformal field theory [10] . Therefore, all the monodromies are independent of the {z i }.
Moore and Seiberg have introduced the fusion operator which acts on the fields and modify the fusion pattern; namely, it replaces the "dual" diagram in Fig.(1) (the "s-channel") with another one (the "t-channel"). Furthermore, there is the braiding operator which exchanges the fields in the block by analytic continuation in the z-plane. This operator satisfies the Yang-Baxter identity due to the associativity of exchanges. Moreover, the associativity of the fusion and braiding operators is enforced by the Moore-Seiberg Pentagonal identity. The Yang-Baxter and Pentagonal identities summarize the isomonodromy of the conformal blocks. In this paper, we show that analogous braiding and fusing operations can be defined for the Seiberg-Witten sections. On the other hand, we also find that these holomorphic functions are different from the conformal sections, in general. In Section 2, we follow the motion of the singularities as the quark masses are varied and find that they braid and fuse in pairs. We define the braiding and fusing operators which act on the singularities, rather than the "fields", and actually transform their monodromy matrices. We then show that these operators satisfy the Yang-Baxter and Pentagonal identities, respectively. Actually, these identities express topological properties which must hold in any isomonodromy problem.
The physical meaning of these braidings and fusings in the supersymmetric theory is the following [1] : the braiding describes the transmutation of a massless quark singularity at weak coupling (u ≃ m 2 for m 2 ≫ Λ 2 ) into a massless monopole one
). The fusing describes the merging of quark and monopole singularities into a superconformal singular point [11] . These critical points occur sometimes at finite values m i = O(Λ) on the trajectory m i → ∞ of a quark decoupling -a rather odd renormalization group behaviour. Actually, we show that the pattern of superconformal points, i.e. of the fusings, is determined by the consistency with the braidings; namely, it is a physical effect of isomonodromy.
The BPS mass formula for N = 2 theories with N f quark hypermultiplets of mass m f is given by [1] :
where (n m , n e , s f ) are the magnetic, electric and (pseudo)-baryonic quantum numbers, respectively. The monodromy transformations of (a D , a) contain additive terms proportional to the masses, which were not completely understood in the literature. In Section 2.3, we use the Yang-Baxter and Pentagonal identities as equations to deter-mine the general form of these affine terms; as an input, we use the matching between the N f and the (N f −1) theories at the quark decouplings. This algebraic derivation is simpler than the direct analytic continuation of the general Seiberg-Witten sections. The complete monodromy matrices of the N f = 1 theory are derived in the text, while those of the N f = 2 and 3 theories are found in the Appendix A. Moreover, simple explicit expressions for the Seiberg-Witten sections are obtained in Appendix B, for the cases of maximally fused singularities, which are then used to check the monodromies found algebraically.
Next, we use the complete monodromies to determine the full spectrum of the pseudo-baryonic quantum numbers. The (n m , n e , s f ) quantum numbers in (1.6) are also transformed under the monodromy of (a D , a), so that Z remains invariant; this is the spectral flow, which should map the spectrum of quantum numbers into itself. Following Ref. [12] , we use this flow as a self-consistent constraint which determines the complete weak-coupling spectrum.
In Section 3, we study more closely the analytic properties of the Seiberg-Witten section in the first non-trivial case of three singularities (N f = 1). We rewrite the Picard-Fuchs equations satisfied by the section [13] into a Fuchsian second-order differential equation, which is the traditional setting for studying isomonodromy problems [14] . This property implies a set of differential integrability conditions for the coefficients of the single-pole terms (the accessory parameters) and the apparent singularity in the Fuchsian equation. For three singularities, these conditions reduces to a single non-linear differential equation, the Painlevé VI equation for the apparent singularity. We find that this is rather remarkably satisfied by the Seiberg-Witten solution: this is the explicit proof of isomonodromy, which confirms the previous, intuitive arguments. As an outcome of this analysis, we find a new first-order differential equation for the mass variation (∂a D /∂m, ∂a/∂m).
In Section 4, we show a direct identification of the Seiberg-Witten sections with the conformal blocks of a suitable conformal field theory. The two-dimensional monodromies imply the operator product expansion φ 1 · φ 2 = φ + φ ′ . This is reproduced, for example, by the primary field φ 1,2 of the minimal conformal models with central charge c(p, p
The presence of logarithmic singularities requires that the dimensions of the fields φ and φ ′ are equal, h = h ′ ; this occurs in the so-called logarithmic conformal field theories with c = c(1, p ′ ) [15] . We consider the simplest Seiberg-Witten sections with two singularities at finite u, which describe the N f = 0 theory and N f = 1, 2, 3 ones with (N f + 1) singularities fused into a superconformal point. Indeed, we are able to identify these sections with the four-point conformal blocks of the theories with c = c(1, 2), c(1, 3), c(1, 4) and c(1, 6), respectively.
Given that two singularities can always be displaced by a sl(2, C) transformation, this correspondence is not sufficient to establish the complete equivalence of the supersymmetric and conformal isomonodromy problems. Actually, the three-singularity sections (e.g., for N f = 1 and any mass) do not correspond to five-point blocks of the logarithmic conformal field theories. The reason is that the general supersymmetric sections are not covariant under the sl(2, C) regular conformal transformations of the u-plane, and thus cannot be represented by (quasi)-primary conformal fields. Therefore, it remains an open question whether the supersymmetric isomonodromy problem can be characterized by an infinite-dimensional covariance. In Appendix C, we recall some general relations among isomonodromy, integrability and conformal symmetry, which complement the analysis of Section 4.
In conclusion, we believe that it is interesting to investigate the relations of the Seiberg-Witten theory with other isomonodromy problems which are not conformal in general, like the topological field theories [16] , the matrix models and quantum Liouville theory [17] . Actually, a relation with the topological theories has already been suggested in the Refs. [18] [19] : starting from the supersymmetric effective action, these Authors found an analogue of the fusion rules of the topological fields, which satisfy an associativity condition similar to the one discussed here and encode common isomonodromic properties.
Braiding and Fusing of Monodromies and Their

Identities
Representation of the Monodromy Group
We begin by introducing our notation for describing the monodromies. Let us first consider the N f = 0, SU(2) theory for simplicity, whose section (a D (u), a(u)) has two singularities located at u 1 = Λ 0 and u 2 = −Λ 0 . We can represent the section by a two-dimensional vector a = (a D , a) and the monodromy transformation by matrix multiplication:
The corresponding transformation of the vector of magnetic and electric charges n = (n m , n e ) is by right multiplication n → nM 
which satisfy the relations,
These non-Abelian monodromies depend on the position of the base point for the loop and on the location of the cuts. As explained in Ref. [12] , the analytic continuation of the section (a D , a) depends on the Riemann sheet of u ∼ u 2 in Eq.(2.1): for example, there are two possibilities M 2 and M 2 ′ for the second singularity, due to presence of the cut emanating from the first singularity. In principle, one should keep track of the Riemann sheets when composing the monodromies.
Our representation of the monodromies is shown in section, but will be sufficient to describe the monodromy group and the braiding and fusing operators; they are inspired by the previous analysis of Chern-Simons monodromies in a "singular gauge" [20] :
• We use a single plane with cuts, which corresponds to an initial, conventional choice of the Riemann sheet, i.e. of the patch and its monodromies;
• We can imagine that all the non-trivial monodromy is concentrated at the crossings of the path with the cuts: this could be obtained by an analytic reparametrization of the u coordinate, which leaves the monodromies invariant [20] ;
• The monodromies are invariant if the base point is moved in the plane without crossing a cut; moreover, a path can cross a cut but not a singularity, of course;
• The monodromies with fixed base point are invariant under the motion of the singularities and the cuts.
In Fig.3 , we use these rules to deal with: (a), the change of base point; (b), the motion of the singularity (2) through the cut of (1) . In order to compare M 2 with M 2 ′ , we imagine to move (2) in Fig.(2a) above the cut of (1): since M 2 (z 0 ) is invariant, we find that 4) which is in agreement with (2.3). Fig.(3b) describes the opposite motion of (2 ′ ) going below the cut of (1), and shows that the singularity (2) can be obtained by "dressing" (2 ′ ), which again amounts to the conjugation (2.4). Finally, we choose to send all the cuts to infinity along the same direction; in this case, M ∞ is independent of the base point.
Braiding and Fusing Operators and "Duality" Identities
Let us first consider the N f = 1, SU(2) theory as an example; the properties of the Seiberg-Witten solution have been analysed in Refs. [11] , which contains some useful background. The elliptic curve is:
This determines the Seiberg-Witten section (a D (u), a(u)) by u-integration of the Abelian integrals, 6) and by matching with the known asymptotics. The singularities in the u-plane occur when one period γ i vanishes and are given by the zeroes of the discriminant of the curve (2.5):
The singularities for m = 0 are located at u = (u 0 e iπ/3 , −u 0 , u 0 e −iπ/3 ), with u 0 = 3/4 1/3 . When the mass is switched on, their motion in the u-plane is shown in Fig.(4) : for real positive mass, (case (a)), the singularities (1) and (3) fuse together at u = u c = 3 and m = m c = 3/2, and then split again and move on the real axis. The (u c , m c ) point describes a superconformal theory, which has been discussed in the Refs. [11] . After the split, one singularity approaches the value u ≃ m 2 for large m, which corresponds to the weak-coupling quark singularity. The other two singularities asymptotically become those of the N f = 0 theory: actually, after matching the Λ-parameters by Λ . This motion of singularities satisfies the expected "renormalization-group flow" * * from the N f theory to the (N f − 1) theory when one quark becomes very massive and decouples. Note, however, the rather unusual presence of a critical point at finite bare mass, whose origin will be explained later. Similar braidings and fusings of the singularities of an holomorphic section have been analysed in conformal field theory by Moore and Seiberg [9] . They were able to define the operators which specify the analytic continuation and the fusion of the fields in the conformal blocks, respectively. Here, we do not have a representation of the Seiberg-Witten section in terms of "fields" (see however Section 4); therefore, we shall describe the simpler braiding and fusing operators acting on the monodromy matrices themselves.
In the theories with massive quarks, the monodromy transformations acquire an additive term proportional to the mass [1] ; for the sake of simplicity, we shall first discuss the monodromies of (da D /du, da/du), which do not have this term. Let us also recall from Ref. [12] the general formula for the monodromy around the singularity caused by k BPS states with charge n = (n m , n e ) becoming massless:
These are the "elementary" monodromies, made by the analytic continuation along a small loop near the singularity. The following properties:
imply a one-to-one correspondence between monodromy matrices and charge vectors n if n m ≤ 2, as in the present theories.
A convenient choice of patch for the N f = 1 section is shown in Fig.(5a) , following our previous conventions. The elementary monodromies around the three singularities can be carried to a common base point located in the bottom right corner of the figure; their values are [1] :
(c) Figure 5 : Deformations of cuts associated to the singularity exchange and the quark decoupling.
The composition giving the monodromy at infinity is,
as it can be easily recognized from the order of the cuts at infinity. Let us also recall that the values of the electric charge are patch dependent, due to the phenomenon of "democracy of dyons" † † : any other choice of three consecutive values in Eq.(2.10)
would be equivalent by rotating the θ-angle, i.e. Arg(u) at infinity. It is important to keep this arbitrariness in mind when comparing different results in the literature.
Let us now describe the transformation of the three monodromies (2.10) corresponding to the counter-clockwise exchange of two singularities in (Fig.(4c) ) (Arg(m) < 0). As shown in Fig.(5a) , the singularity (1, −1) crosses the cut of (1, 0) and goes into another Riemann sheet. This can be taken into account by deforming the cut and dressing the singularity according to sheet, and from the same base point. This is obtained by the conjugation:
Therefore, the massless dyon has become a massless quark. Next, Fig.(5d) shows the configuration which should be attained for the decoupling of this massive quark: its cut should go to infinity as well, such that the moduli space at finite u (Λ 0 ∼ u ≪ m) only contains the singularities and the cuts of the N f = 0 theory in Eq.(2.2) and Fig.(2a) . This requires a further conjugation of the singularity (2), yielding n 2 = (1, 1) → (1, 2). Finally, the quark decoupling is characterized by the following relation between the singularities at infinity in the two theories:
The two characterizations (2.12) of the same singularity as a dyon and a quark pertain to different Riemann sheets, and there is no discontinuity in the physics. Within each patch, it is possible to vary smoothly u from a given point (e.g. the base point), reach any singularity and find that a certain BPS state is massless there. The discontinuity is found when comparing the two asymptotic behaviours, m ∼ Λ 1 (in the strong coupling region) and m ≫ Λ 1 (in the weak coupling region), which are necessarily described by two different Riemann sheets due to the topology of the motion of the singularities and the cuts. Actually, if we stay always in the same patch, we find that the cuts get tangled and, asymptotically, it becomes impossible to reach smoothly all the singularities from a common point. Therefore, the motion of the singularities implies an asymptotic change in the charges of the massless particles, due to the necessary changes of patches; this is a rather remarkable consequence of the physics being described by a multi-valued holomorphic section. Moreover, upon breaking the N = 2 supersymmetry to N = 1 [1] , this property verifies the equivalence of the confinement phase (monopole condensation) and the Higgs phase (quark condensation) in gauge theories with quarks in the fundamental representation [2] .
The general formula for the conjugation of monodromies is: 14) and shows that the monodromies of "mutually local" particles (n × n ′ = 0) commute among themselves. The counter-clockwise exchange of two singularities in can be associated to the braid operator σ ij , i, j = 1, 2, 3, which acts in the tensor product V 1 ⊗ V 2 ⊗ V 3 of vector spaces of the matrices M i ∈ V i :
The clockwise exchange occuring for Arg(m) > 0 (Fig.(4b) ) yields another operator
These two inequivalent operators are depicted in Fig.(6) , in the standard notation for braids, and are actually related by σ ′ ij = (σ ji ) −1 (Note that the indices are associated to the threads in our notation). The σ ij yields a representation of the braid group B 3 in the space of monodromy matrices, and satisfy the Yang-Baxter identity, 17) which states the associativity of braids, as shown in Fig.(7) . The required onedimensional ordering of monodromies can be recognized from the position of the cuts as they cross the u → ∞ circle.
The fusion of two singularities, occurring for Arg(m) = 0, Fig.(4a) , can be similarly associated to the fusion operator, which is a mapping f 31 : 18) where the ordering in the product M c = M 3 M 1 is determined by the invariance of M ∞ . An analogous fusion operation has been defined in conformal field theory [9] and has been shown to satisfy an associativity condition with the braids, known as the Pentagonal identity. In our context, this reads: 19) and is depicted in Fig.(8) . Actually, this is satisfied by our operators σ ij and f ij . The fusion (2.18) produces a new type of singularity, whose monodromy does not belong to the BPS family (1.6): it satisfies M 3 c = −1 and thus corresponds to a power law singularity u α with exponents α = ±1/6. This scale invariant behaviour is characteristic of a superconformal theory, which occurs when two or more mutually non-local particles become simultaneously massless [11] . After fusing, the singularities split again into a quark and a monopole ones following the usual decoupling pattern,
. In this case, there is a true discontinuity in passing from the patch (m ∼ Λ) to the asymptotic one (m → ∞). Let us remark that the fusion is a necessary consequence of the discontinuity of braiding when the mass is varied continuously from Arg(m) > 0 to Arg(m) < 0. This mathematical consistency implies the presence of the strange critical point in the moduli space along the real trajectory 0 < m < ∞; therefore, this is a peculiar physical consequence of isomonodromy.
The corresponding analysis of braiding and fusing in the N f = 2, 3 theories is described in Appendix A: it confirms the properties of the braid operators discussed here, and describes the interesting patterns of quark decouplings with the associated superconformal points.
Complete Monodromies and Pseudo-Baryonic Quantum Numbers
The complete monodromies of (a D , a) contain the additive term
, which is due to the poles occurring in the Abelian differential after their integration in u [1] . These affine transformations can be represented in matrix notation as follows:
The matrix M also acts on the complete vector of quantum numbers n = (n m , n e , s f ) by n −→ nM −1 , such that the BPS mass formula (1.6) remains invariant. As discussed by the recent literature [21] [22], the pseudo-baryonic charges {s f } differ from the true baryonic charges {S f }, due to the mixing of the explicit mass terms in the BPS formula with analogous pieces coming from a D (u, m f ). The baryonic charges have been computed by independent semiclassical methods in Ref. [22] , while the pseudo-baryonic numbers are important missing data for the mass spectrum. In order to control these possible shifts by mass terms, the normalization of a D (u, m f ) should be better specified, such that the {s f } become unambiguous: we adopt the following decoupling condition,
the well-defined a (0) (u). Note that this limits also implies the matching of patches between the two theories at quark decoupling, as in Fig.(5d) .
The determination of the complete monodromies (2.20) requires the explicit expression of the Seiberg-Witten section [23] [24] [25] , whose analytic continuation is rather difficult in general. It follows that these monodromies, as well as the {s f } numbers, have not been completely found in the literature [26] [25] ‡ ‡ . In the following, we shall determine the complete N f = 1 monodromies by using the braiding and fusing identities as equations. The corresponding analysis for N f = 2, 3 is given in the Appendix A. The inputs for these equations are:
• The known SL(2, Z) monodromies (2.10).
• The full monodromy of the quark singularity a ∼ −ǫ m/ √ 2 , ǫ = ±1, which can be deduced at weak coupling from the one-loop calculation [1] :
Note that the sign ambiguity ǫ is odd under the parity P : a → −a; it is a residual gauge invariance in the moduli space which will remain undetermined: it corresponds to the choice of the square-root branch cut for a ∼ ± √ u → ∞.
• The matching of the N f monodromies with the (N f − 1) ones at quark decoupling; in particular the affine terms vanish for N f = 0. ‡ ‡ Note, however, that it is possible to identify {s f } ≡ {S f } by choosing a boundary condition for
, and then use the independent semiclassical determination of the {S f } [22] .
We write the full monodromies at strong coupling, Fig.(5a), as M (1,−1,r) , M (1,1,s) , M (1,0,t) , leaving their affine terms unknown, and plug them into the previous braid relations, Eq.(2.12) and Fig.(5d) : 2) (N f = 0, no affine term) ,
The unique solution is:
24) which yields the following monodromies at infinity and at the critical point, 
c and M (1,1,s) have been checked by explicitly computing the Seiberg-Witten section at the critical mass in Appendix B.
Next we discuss some simple physical consequences of the result (2.24), (2.25) . Following Ref. [12] , we can constrain the values of the {s f } charges in the BPS spectrum by enforcing its invariance under the spectral flow at weak coupling. Namely, any weak-coupling dyon state n = (1, n, s), with n ∈ Z and s unknown, should map into another one under the monodromy at infinity, corresponding to a rotation of the θ-angle by one period: this reads (1, n, s)M −1 ∞ = −(1, n + 3, −s − ǫ). This flow closes on the following two sets of dyons: {(1, 2n, s)} and {(1, 2n + 1, −s − ǫ)}, n ∈ Z, with s still free. This is fixed to be s = 0 by the further condition that the dyons with even electric charge should survive in the N f = 0 theory as m → ∞. In conclusion, the complete N f = 1 spectrum is:
(1, 2n, 0) ,
Thus, the pseudo-baryonic charges in the previous Eqs.(2.23) are r = s = −ǫ and t = 0.
Further remarks concern the behaviour at the critical point. The Seiberg-Witten section is found to be (a D , a)(u c ) = (0, −ǫ m/ √ 2) by requiring that the BPS mass of the two particles (1, 0, 0) and (1, −1, −ǫ) vanishes at this point. One verifies that this value of the section is a non-trivial fixed point for the monodromy M c in Eq.(2.25), as it should.
† Moreover, a non-vanishing section implies that the W ± bosons n = (0, ±2, 0) remain massive at this point, m W = m 2 , i.e. there is no restoration of the non-Abelian gauge symmetry [1] .
Finally, we determine the weak-coupling spectrum of the N f = 2, 3 theories. We use the corresponding monodromies at infinity computed in Appendix A, Eqs. (A.4,A.9) , and we get the spectra of dyon charges {(n m , n e )} from Ref. [1] . We then find the spectral flows:
(2.27) Let us first discuss the N f = 2 spectrum. The spectral flow maps even (odd) charge dyons within themselves; since a tower of even dyons should survive when m 1 or m 2 go to infinity, the set {(1, 2n, 0, 0)} should exist. Then, the other set {(1, 2n, −ǫ, ǫ)} should also exist by consistency of the flow. Therefore, we find that the even dyons are (at least) doubly degenerate with respect to their electric and magnetic charges. Similar conditions of flow consistency and (N f = 1) matching can be applied to the odd dyons, which also come in pairs. The N f = 2 spectrum is thus found to be:
Note that the symmetry under flavour permutation is achieved up to a gauge transformation ǫ → −ǫ. Actually, within our choice of patches, the decoupling of the two quarks is associated to the monodromy decomposition M
. This shows that the permutation of the quarks requires a non-trivial conjugation which changes the sign of ǫ.
Next, we perform a similar analysis for the N f = 3 dyon spectrum at weak coupling. There are dyons with one unit of magnetic charge which turns out to be four-fold degenerate, and, moreover, dyons with two units of magnetic charge, which † Note, however, that M can be consistently taken non-degenerate. One finds the spectrum:
(1, 2n, 0, 0, 0) (1, 2n, −ǫ, ǫ, 0) (1, 2n, −ǫ, 0, ǫ) (1, 2n, 0, ǫ, ǫ)
where the pseudo-baryonic charges r 1 , r 2 , r 3 = 0 of the n m = 2 dyons remain practically undetermined. Let us add a few remarks: (i) The degeneracies of the N f = 2, 3 spectra nicely match the dimensions of their flavour multiplets in massless limit [1] [12] [26] ; (ii) The purely electric states of quarks (0, 1, ±ǫ, . . .) and W ± bosons (0, ±2, 0, . . .) are always present in these spectra: they are fixed points of the spectral flow, as they should, and their s f number are not constrained, but are nevertheless known semi-classically.
In conclusion, the complete affine monodromies have been easily found by enforcing the braiding and fusing identities. These data of the SU(2) theories allow an (almost) complete determination of the weak coupling spectra and their behaviour when one or more quarks decouple. The BPS states at strong coupling are a subsets of the weak coupling spectra, with unchanged quantum numbers, which can be determined by the stability analysis of Ref. [25] .
The Analytic Isomonodromy Problem
In the following, we prove explicitly the isomonodromy of the Seiberg-Witten section in the simplest non-trivial case of three singularities at finite u, corresponding to N f = 1. The original approach to the isomonodromic problem [14] is based on the study of the Fuchsian second-order differential equations, which can describe holomorphic sections with two-dimensional monodromies. We shall apply this framework to the second-order equation obeyed by (da D /du, da/du): its components are given by the period integrals of the first and second Abelian differentials [1] , Π 1 = dx/y, Π 2 = xdx/y, respectively, where y(x) is the elliptic curve (2.5). They satisfy a system of first-order differential equations, which are called the Picard-Fuchs equations:
where the p ij (u) are polynomials in the coefficients of the elliptic curve and their derivatives [13] . Their explicit form in the N f = 1 case is, in the notation of the previous Section,
Note that we introduced the notation a 1 , a 2 , a 3 for the three singularities in the moduli space. It is convenient to fix two of them, say a 1 and a 2 , to the points (0, 1) by using the sl(2, C) transformation u → z = (u − a 1 )/(a 2 − a 1 ).
The system (3.1) is equivalent to the following Fuchsian differential equation in the variable z:
where the "potential" q(z) is,
This equation has four regular singularities in 0, 1, ξ and ∞. Moreover, one finds another one at z = η, but this does not actually correspond to a singularity of the solution y(z). This is the so-called apparent singularity, a characteristic feature of isomonodromy [14] : actually, a simple counting argument shows that the Fuchsian equation with only physical singularities would not have enough parameters for allowing the monodromy matrices to be independent of the singularity positions. The effective coupling constant,
is given by the ratio of the two independent solutions of the Fuchsian equation; moreover, its Schwarzian is proportional to the potential:
A simple consequence of these formulae is that τ ′ (η) = 0, namely the apparent singularity is actually a saddle point.
The coefficients β i in (3.4) are called the accessory parameters; their expressions for the Seiberg-Witten solution can be obtained from the previous formulae: 
Moreover, the movable and apparent singularities, respectively ξ and η, are not independent in this solution, which has a single parameter m. Their relation can be obtained by analysing ∆(a 4 ) in (2.7) as a function of the singularities a i , together with the derivatives ∆ ′ (a 4 ) and ∆ ′′ (a 4 ) . By comparing these polynomials, we find the relation:
Let us now discuss the conditions for isomonodromy of the solution y(z) or, equivalently, of τ (z). In the general Riemann-Hilbert problem, the accessory parameters β i (ξ, η) are not known, because the behaviour of y(z) near the singularities only determines the second-order poles in the Fuchsian equation. Moreover, the motion of the apparent singularity η as a function of ξ is also unknown. The conditions of isomonodromy provide a sufficient, although rather involved, set of differential equations for these unknowns, which we shall briefly review [14] . Afterwards, we shall check that these conditions are satisfied by the Seiberg-Witten solution.
The monodromy transformation of τ (z) does not depend on ξ (or equivalently on m); thus, the quantities dτ /dξ and dτ /dz must have the same monodromy, and their ratio must be a meromorphic function A(z). This implies an auxiliary equation for
Next, we require the compatibility of this equation with the Fuchsian (3.4): this determines,
Moreover, it yields four first-order differential equations for the β i in the η and ξ variables and a relation between β 4 to dη/dξ. These differential equations admit three first integrals: one of these amounts to the condition for a regular singularity at infinity,
Another integral determines the second-order pole at infinity, 12) and the last one forbids a logarithmic behaviour of the solution near the apparent singularity z = η. This condition implies:
These three algebraic conditions can be used to reduce the system of four differential isomonodromy conditions to a single non-linear differential equation for η(ξ), which is the Painlevè VI equation,
Note that the parameters of this equation have been set to the specific values of this problem.
We now verify that the (N f = 1) Seiberg-Witten solution satisfies these analytic conditions of isomonodromy. Indeed, the coefficients β i (ξ, η) (3.7) deduced from the Picard-Fuchs equations can be shown to fulfil the first integrals (3.11,3.12,3.13) ; in the third equation, one should use the polynomial relation for η(ξ) (3.8). Furthermore, this relation is also found to be a rather remarkable complete integral of the Painlevè equation. This concludes the proof of isomonodromy.
As discussed in the Introduction, this property is rather intuitive, because the Seiberg-Witten section is specified by an elliptic curve (2.5), whose parameters can be continuously deformed. Nevertheless, it is nice to have a complete analytic proof. Moreover, the first-order differential equation in the mass parameter (3.9,3.10) is a new result of this Section: this is an auxiliary equation for the Picard-Fuchs system (3.1) which expresses the isomonodromy property; similar equations also exist for the Seiberg-Witten solution with general gauge group and may have important consequences (see Ref. [7] in this respect).
Isomonodromy and Conformal Blocks
In Section 2, we have shown that the Seiberg-Witten holomorphic sections support braiding and fusing operations which are similar to those found by Moore and Seiberg for the conformal blocks of rational conformal field theories [9] . In this Section, we try to express directly the Seiberg-Witten sections as the blocks of a suitable conformal theory. Clearly, the conformal blocks are meant to be an operator representation for the holomorphic sections -the two-dimensional fields do not carry any immediate physical meaning.
Is there a general correspondence between isomonodromy and conformal symmetry? On one hand, all the conformal blocks yield isomonodromic holomorphic sections. This is a consequence of: (i) the locality of the operator product expansion of the conformal fields, and (ii) the (generalized) Fuchsian differential equations satisfied by the blocks, which originate from the chiral algebra in the rational conformal field theory. On the other hand, isomonodromic sections might be non-conformal invariant, yet being analytic: an example is given by some correlators of the two-dimensional Ising model off-criticality [5] . However, there is more to say on this subject; in Appendix C, we recall some known results on the relations among isomonodromy, integrability and conformal symmetry [5] [27] . For the sake of simplicity, let us postpone this general discussion and proceed to present an explicit correspondence.
Let us try to express (da D /du, da/du) in the simplest cases of two singularities at finite u. These are the N f = 0 section and the N f = 1, 2, 3 ones at the mass values where (N f + 1) singularities merge in a maximal superconformal point (N f , 1) [11] (these are computed in Appendix B). We compare them with the four-point conformal blocks of the Virasoro minimal models [3] ,
where z = (u − a 1 )/(a 2 − a 1 ) is the usual rescaled variable; the dimensions of the fields and central charge are:
The two-dimensional monodromies imply that the field φ 1 (z) has two-dimensional operator-product expansion with the other fields: this identifies φ 1 = φ 1,2 , i.e. (r, s) = (1, 2) in the Kac table (4.2); the other fields should form a closed operator-product subalgebra with φ 1,2 , and then belong to the set {(1, n), n = 1, 2, 3, ..}. For example,
This operator-product expansion should reproduce the singular behaviours of the Seiberg-Witten section, which are logarithmic at infinity, 4.4) and at z = 1,
At (z = 0), the behaviour is again logarithmic for the N f = 0 section, while it is a power law for N f = 1, 2, 3, due to the superconformal symmetry, with exponents (±1/6, ±1/4, ±1/3), respectively (see Appendix B for more details).
The logarithmic behaviour is rather unusual in conformal field theory, but it is nevertheless possible for the non-unitary "logarithmic" theories c(1, p ′ ). As explained in Ref. [15] , a logarithmic operator-product expansion is obtained when the two fields appearing in the r.h.s. of (4.3) have the same dimension:
Actually, the theory c(1, p ′ ) may contain more than one pair of degenerate dimensions, but only the pair (φ 1,p ′ −1 , φ 1,p ′ +1 ) is obtained by the φ 1,2 operator product expansion. Furthermore, a purely logarithmic behaviour (4.5) would require h 1,2 + h 1,p ′ = h 1,p ′ −1 , which is impossible. Nonetheless, this can be cured by adding a power law prefactor to the conformal blocks. Next, we compare the explicit form of the Seiberg-Witten section with the general expression of the minimal conformal blocks given by the Dotsenko-Fateev Coulomb gas. Actually, in Section 3 of Ref. [10] , an Euler-type integral representation of the four-point block φ n,m φ 1,2 φ 1,2 φ n,m is given, together with its Hypergeometric expressions.
Let us first consider the N f = 0 theory: (da D /du, da/du) are linear combinations of the following basis:
(actually, d(a + a D )/dz = k 0 y 1 (0) and da D /dz = −i/πk 0 y 2 (0) for Im z > 0, with k 0 a proportionality constant). By matching y 1 (0) with the parameters in the DotsenkoFateev expression, we find the unique identification with the following blocks of the c(1, 2) = −2 minimal model:
Note that the prefactors cancel out in the representation for the effective coupling constant τ = da D /da as a ratio of two blocks.
The Seiberg-Witten sections of the N f = 1, 2, 3 theories at their critical mass values, given in Appendix B, can be similarly represented by the blocks involving a pair of φ 1,2 fields and another φ 1,n pair. One finds:
Therefore, we were able to relate the analytic properties of the Seiberg-Witten theory with those of the conformal field theory. The Moore-Seiberg braiding and fusing operators acting on the conformal fields can be applied in this case for describing the isomonodromic properties, thus improving the analysis of Section 2.
On the other hand, this equivalence of isomonodromy and conformal symmetry is only valid for the case of three singularities, i.e. the four-point blocks. We have not been able to represent the general N f = 1 section as a five-point blocks of the logarithmic minimal models: actually, the fusion rules of φ 12 fields are consistent with the merging of singularities in critical points, and identify the fields entering the fivepoint block. However, it is impossible to match all the asymptotic behaviours with the corresponding operator product expansions.
This failure can be understood as follows. In general, we know that the SeibergWitten holomorphic sections satisfy a Fuchsian equation with (3 + N f ) regular singularities: the three-singularity solution is necessarily an Hypergeometric function, which transforms covariantly under the sl(2, C) regular conformal transformations of the u-plane, and can be represented by correlator of primary conformal fields. The general (3+N f )-singularity solutions need not to be sl(2, C) covariant: actually, their explicit expressions or integral representations [23] [25] and their differential equations show that these sections are not sl(2, C) covariant. For example, we can consider the representation using the Hypergeometric of argument the modular invariant function j(τ (u)) [24] , and find that the mapping j(u) violates sl(2, C) covariance. Moreover, the section of the SU(3) gauge theory has been expressed in terms of the generalised Hypergeometric function of two variables F 4 in Ref. [28] ; this is also not conformal covariant because its integral representation is not of the Euler type as the conformal blocks [10] .
A possible breaking of conformal symmetry while keeping analyticity could be obtained by correlators of non-primary fields, which depend analytically on dimensionful parameters. This program can be practical only if we can characterize these new fields by other transformation properties which replace the sl(2, C) covariance. In this respect, our approach can be related to other attempts in the literature [18] to relate the Seiberg-Witten solutions to two-dimensional topological field theories [16] . Actually these theories, as well as the matrix models and (quantum) Liouville theory [17] , are further known isomonodromic system which do not necessarily have conformal symmetry.
Finally, let us discuss the general relation between isomonodromic sections and conformal blocks given by the theory of holonomic quantum fields of the Refs. [5] . These Authors have analysed the k-dimensional isomonodromic sections in the context of the Schlesinger system of equations, which generalizes the k = 2 analysis of the Fuchsian equation in Section 3 (see Appendix C for more details). They have expressed the general isomonodromic solution as a correlator of k-component Weyl fermions Ψ α (z), Ψ β (z), and the "twist fields" V (a i ), i = 1, .., n, which belong to a c = k conformal field theory. The monodromy around the singularity z = a i is described by the operator-product expansion Ψ α (z)V (a i ), and the prescribed monodromy matrix (M i ) β α determines the following form of the twist field:
For general, non diagonal M i matrices, this generalized vertex operator is only formally defined as a path-ordered (P) series; therefore, its conformal covariance and locality are not ensured. We conclude that this approach is also affected by the difficulty of defining the field operators encountered before. Again, this general representation by twist fields correlators can be useful once we understand the specific covariance of these fields. would like to note that the our results were obtained independently, but the writing was delayed by other obligations.
A Monodromies of the N f = 2, 3 Theories
We now generalise the results of Section 2.3 to the cases N f > 1. As for N f = 1, we vary the values of the the masses and follow the consequent motion of the singularities in the moduli space. We then use the braiding and fusing identities as equations for determining the complete monodromy matrices.
N f = 2 case When m 1 = m 2 = 0, there is a double singularity at u = Λ 2 which represents two massless monopoles (1, 0), and a double singularity at u = −Λ 2 of two massless dyons (1, 1) . Their monodromies are represented, respectively, by 0) . If we switch on m 2 and make it growing, the two monopole singularities separate each other; one goes in the upper half plane and the other in the lower half plane (see Fig.(9 a) ). The two dyon singularities separate along the real axis, one of them passes between the monopole pair and then goes to infinity: this becomes the massless quark singularity by the effect of the braiding with the lower monopole. Next, the quark cut should be rotated of −π, such that it points to Re(z) = +∞ and disappears after decoupling, leaving the N f = 1 singularities in strong coupling region: this cut rotation requires a further conjugation of the upper (1,0) monopole with the quark, yielding (1, 0) −→ (1, −1).
The complete N f = 2 monodromies are (4 × 4) matrices, with unknown affine terms, which are plugged in the previous braid relations,
and matching conditions with the N f = 1 theory, Eqs.(2.24),
We find the unique solution:
where ǫ is the same sign ambiguity of the N f = 1 case. From these it is simple to find the expressions of the monodromies at infinity and at the (2,1) critical point,
N f = 3 case When m 1 = m 2 = m 3 = 0, there are two singularities on the real axis of the moduli space, corresponding to four massless dyons (1, 1) and a (2,1) massless dyon, respectively. Their monodromies are denoted by M (1, 1) (2, 1) . When m 3 acquires a real positive value, a double singularity 2 (1,1) and the (2,1) one approach each other and make a superconformal point. Afterwards, they split again with different quantum numbers, e.g. the one on the right has become the quark singularity. By allowing an imaginary part to m 3 , one can resolve this motion and actually find a double braiding of (2,1) around the pair 2(1,1), such that (2, 1) −→ (1, 0) . Therefore, the braid relation and matching conditions to impose are:
.
(A.5)
Other braid relations can be obtained from another pattern of decoupling: by letting m 2 = m 3 = m real and positive, a (1,1) singularity, followed by a 2(1,1) pair, move toward the (2,1) one (Fig 9 b) ; the (1,1) and (2,1) fuse into a critical point, and then separate, going in the upper and lower half-plane, respectively. It is simple to see that, after the separation, the singularity going downwards is a monopole (1,0) , while the other one is the dyon (1,1). The 2(1,1) singularity proceeds to the right and passes between these two; the braiding rules show that this becomes a double quark singularity. By decoupling these quarks to the right, there remain the N f = 1 singularities and we find:
The corresponding braid relations and matching conditions are,
(A.7)
The equation (A.5) and (A.7) are sufficient to determine all the affine terms for the monodromy matrices; the result is:
From these, we calculate the monodromies at the infinity and at the critical point (3,1): 9) which are used in the text to derive the s i quantum numbers.
B Explicit Solutions at the Critical Masses
In the recent literature, there have appeared rather explicit formulae for the SeibergWitten sections of the general massive SU(2) theories with N f = 1, 2, 3: one expression uses the Elliptic functions, after putting the elliptic curves in the Weierstrass normal form [23] [25]; another one is given by the Hypergemetric function with argument the modular invariant function j(τ (u)) [24] . These expressions depend on the moduli space coordinate u in a rather indirect way, such that the analytic continuations are rather difficult in general. Hereafter, we shall describe the simple cases in which the Seiberg-Witten section can be directly expressed in the u variable as an integral of the Hypergeometric function, such that the derivation of the complete monodromies is straightforward.
These cases are characterized by the presence of only three singularities in the moduli space, when (N f + 1) singularities fuse into the (N f , 1) superconformal points (in the notation of Ref. [11] ). By extending the argument of Section 3, we can argue that the derivative (da D /du, da/du) satisfies a Fuchsian differential equation in the u variable with three singularities, whose solution is necessarily Hypergeometric. We use the SL(2, C)-reduced variable z = (u−a 1 )/(a 2 −a 1 ), with Re (a 2 −a 1 ) = (a 2 −a 1 ) < 0, and put the singularities in z = 0, 1, ∞. The logarithmic behaviours occur at z = 1, ∞, and the power-law singularity is found at the critical point z = 0. Its characteristic indices can be deduced by the corresponding monodromies matrices, which represent the SL(2, Z) group, in particular by the diagonalizable elements: S (S To start with, let us describe the case N f = 1. We use the following bases of solutions:
In the last transformation, the upper (lower) sign refers to the case Im z > 0 (Im z < 0).
The expressions for da/dz and da D /dz are linear combinations of this basis which satisfy the asymptotics and reproduce the expected monodromies: the asymptotics da/dz = (−z)
with k 1 = ǫ √ 3m c /2 √ 2, upon using the critical value of the mass m c = 3/2 and (a 1 − a 2 ) = 27/4 obtained from ∆(u); moreover, the sign ǫ = ±1 accounts for the choice of the square-root for u ∼ 2a 2 . The linear combination for da D /dz is determined by the monodromies at infinity (2.11) and at z = 0: in the latter case, one applies the transformation of basis (B.3). The result is:
Next, a and a D can be represented as contour integrals in the u-plane of the Hypergeometric functions; the integration constant for a is determined by its asymptotic behaviour at infinity. The other boundary condition is chosen at the critical point: a D (0) = 0 for any N f . Although not unique, this choice is consistent with the choice of patches in Section 2 and Appendix A, because a D (0) = 0 is left invariant by the action of all the critical monodromies. Therefore, we define,
The complete monodromy matrices for (a, a D ) can be now computed as follows: one performs the analytic continuation of the integrand and deforms the integration contour accordingly. For the monodromy at infinity, we find,
The affine terms are tabulated integrals of the Hypergeometric [29] :
and similarly,
Therefore, the monodromy at infinity is found to agree with the result of the algebraic approach (2.25) of Section 2.3. This is also the case for the monodromy around the critical point, which is similarly found by using (B.3). The monodromy around the third point z = 1 is slightly more subtle: it depends on the base point, since the cut from z = 0 passes by this point. Upon using the corresponding two transformations (a 1 , . . . , a n ) and k-dimensional monodromies, α = 1, . . . , k, can be associated to a flat connection. Consider the configuration space, which is the tensor space C n+1 for z and the singularity positions {a i }, and represent the holomorphic section as a path-ordered exponential of a connection A in configuration space,
where the open path γ runs from infinity to the point (z; a 1 , . . . , a n ). This identification makes sense only if the path-ordered expression in the r.h.s. is independent of shape of the path, and thus depends on its end-point only. This implies that A is a flat connection, i.e. satisfies the zero-curvature condition,
where, The zero-curvature condition yields the integrability conditions for this system, which should be satisfied by the (k × k) matrix functions A i (a j ).
A monodromy transformation on Y α (z; a i ) is obtained by joining a closed path γ ′ k to γ in (C.1), which extends in the z-subspace of C n+1 and encircles the singularity z = a k . The flatness of the connection implies the invariance under deformations of γ ′ k off the z-plane in C n+1 , which amount to displacements of the other singularities:
this is the isomonodromy property.
This general formulation of the isomonodromic problem makes manifest a number of interesting relations:
I. The equations (C.4) and (C.2) can be analysed in components and compared with those of Section 3 based on the Fuchsian equation. The dz component of (C.4) is the k-dimensional differential system,
which can be considered as a defining property for Y , analogue to the Picard-Fuchs equations of Section 3. The da i components give auxiliary parametric equations,
which enforce isomonodromy. These are the analogues of the ξ (mass) equation found in the Fuchsian theory (3.9). Moreover, the zero curvature condition gives a set of non-linear compatibility conditions for the A i (a j ) known as the Schlesinger equations,
these generalize the β i conditions and the Painlevè equation of Section 3.
As mentioned in Section 4, a formal solution of the system (C.4) has been given in terms of the analytic correlators of the k-component Weyl fermions Ψ α (z), Ψ α (z), α = 1, ..., k, and the twist fields V (a i ), which belong to a c = k conformal field theory [5] . It has the following form: 1 (a 1 ) ....V N (a n ) V 1 (a 1 )....V N (a n ) , (C.8)
where z 0 is a base point and the additional index β specifies the choice of boundary conditions for the solutions; the form of the twist fields is given in Eq.(4.10). The derivation of this representation follows the same steps of the analysis in Section 4: one compares the operator-product expansion Ψ(z) V (a i ) around each singularity a i with the given monodromy data, and then determines the field V (a i ) by formal integration of this local expansion.
II.
A general formulation of integrable systems in two dimensions can be given in terms of a flat connection on an certain space; therefore, we can consider the zero-curvature condition (C.2) arising in the isomonodromy problem as the defining equations of the associated integrable system. This is a heuristic argument for showing that isomonodromy and integrability have a common origin.
III. The correlators of Rational Conformal Field Theories often satisfy the Knizhnik-Zamolodchikov equations, which follows from the symmetry under an affine Lie algebra G (implying conformal symmetry) [3] . These equations can also be written in terms of a flat connection in configuration space, the Kohno connection [27] , and correspond to a special case of the previous isomonodromy problem. This discussion also applies to the general Rational Conformal Field Theories without affine algebra, including the Virasoro minimal models of Section 4, because they can be obtained by the former theories via the coset construction, which replace G with G/H [3] .
As seen in Section 4, the n-singularity section Y (z, a i ) should be compared with a (n + 1)-point correlator g n+1 (z)g 1 (a 1 )g n (a n ) , where the point z is considered on the same footing as the a i ones, e.g. z = a n+1 . The conformal fields g i (a i ) carry a unitary representation R i of a Lie group G of dimension d i , such that the monodromy problem is defined in the tensor space ⊗ which are automatically satisfied due to the underlying group structure. In conclusion, the Rational Conformal Field Theories represent special isomonodromic problems with underlying affine and conformal symmetries.
